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RELATIVE IMAGINARY QUADRATIC FIELDS
OF CLASS NUMBER 1 OR 2
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LARRY JOEL GOLDSTEIN(?)

Abstract. Let K be a normal totally real algebraic number field. It is shown how
to effectively classify all totally imaginary quadratic extensions of class number 1. Let
K be a real quadratic field of class number 1, whose fundamental unit has norm —1.
Then it is shown how to effectively classify all totally imaginary quadratic extensions
of class number 2.

1. Introduction. Let K be a totally real field, and let L be a totally imaginary
quadratic extension of K. Holding K fixed, there are only a finite number of fields L
having a given class number 4, [3]. For K= Q, the problem of effectively determin-
ing all L having a given class number has its origins in Gauss’ Disquisitiones.
Although extensive work has been done over a period of many years, the first
notable successes have come only fairly recently. In 1966, Stark [6] settled the
problem K=Q, h; =1. In 1970, the author [4] reduced the problem K=Q, 4,=2
to a conjecture on linear forms in the logarithms of algebraic numbers. A weak
form of this conjecture was proven by Baker [1] and Stark [6]. Their form of the
conjecture sufficed to settle the class number 2 problem. In the present work we will
consider the problems 4;=1 and 4, =2 for algebraic number fields other than Q.
The basic idea is to reduce the analytic difficulties back to the case K= Q, where
the situation has been carefully studied. Therefore, the methods of this paper have
a distinctly algebraic character and are somewhat more elementary than was
required in the cited references.

The starting point of this work is the result of Heilbronn and Linfoot [5] who
proved that all imaginary quadratic fields of class number 1 have discriminants
= —200, with one possible exception. It is an immediate consequence of this
result that there are at least 9 and at most 10 imaginary quadratic fields of class
number 1. It is interesting to note, however, that all known proofs that there are
exactly 9 imaginary quadratic fields of class number 1 make no use of the result of
Heilbronn and Linfoot, but rather classify the relevant fields directly.

The work of Heilbronn and Linfoot was generalized by T. Tatuzawa [9], who
proved that for £ 1, d=the discriminant of an imaginary quadratic field of class

Received by the editors March 31, 1971.
AMS 1969 subject classifications. Primary 1065; Secondary 1068.
Key words and phrases. Number field, class number, quadratic field.
(1) Research supported by the National Science Foundation Grant GP-20538.
Copyright © 1972, American Mathematical Society

353



354 L. J. GOLDSTEIN [March

number =Zh, then
|d| < 2100h2 log? (13h),

with one possible exceptional d.
Recently, J. Sunley [8] has generalized Tatuzawa’s result as follows:

THEOREM [S]. Let h=1 and let K be a fixed totally real algebraic number field.
Further, let L be a totally imaginary quadratic extension of K, having class number
hy and discriminant d,. Then there exists an effectively computable constant c=c(K, h)
such that if h<hy, then |d,| < c, with the possible exception of one field L.

In this paper, we will prove

THEOREM 1. Let all notations be as in [S), and assume that K is normal. Then the
exceptional field (if it exists) must be normal over Q.

THEOREM 2. Let all notations be as in [S], and assume that K is normal. Assume
that L|Q is normal.

(D) If hy=1, then either L=K((—p)''?), where Q((—p)*'?) is an imaginary
quadratic field of class number 1, or L belongs to a finite, effectively determined
collection of fields.

(2) Let K be a real quadratic field of class number 1 and fundamental unit of norm
= —1. If hy=2, then either L=K((—pq)''?), where Q((—pq)*'?), is an imaginary
quadratic field of class number 2, or L belongs to a finite, effectively determined
collection of fields.

As immediate consequences of [S], Theorems 1 and 2, and the effective classifica-
tion of imaginary quadratic fields of class number 1 and 2, we get

THEOREM 3. Assume that K is normal. There exists an effectively determined
constant c=c(K, h) such that if L has class number h and L|Q is nonnormal, then
ld. <ec.

THEOREM 4. Assume that K is normal. It is possible to effectively determine all
those L for which hy=1.

THEOREM 5. Let K be a real quadratic field of class number 1 whose fundamental
unit has norm —1. Then it is possible to effectively determine all those L for which
h L= 2.

It may be possible to generalize Theorem 5 to the case of arbitrary totally real X,
but we do not see how to accomplish this at the present time.

The author wishes to acknowledge, with sincere thanks, many helpful conversa-
tions with J. Sunley, R. Greenberg, and Y. Furuta, and a number of valuable
suggestions of the referee.

2. Proof of Theorem 1. Throughout this paper, let K be a normal totally real
algebraic number field of degree n and class number hx. Let N=Ng,o and let
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x—x® (1<i<n) denote the distinct conjugation maps of K. Further, let
L=K(8"?) be a totally imaginary quadratic extension of K and let 4, denote the
class number of L.

In order to prove Theorem 1, let us assume that L/Q is not normal. Since X is
normal, the conjugate fields of L are all of the form L,=K((8%)'/?) (1<i<n), and
since L is not normal, there exists an i (1 £i<n) such that

K(81/2) # K((S(i))l/Z).

Since L is isomorphic to L; over @, L and L, have the same discriminant d. Thus, if
|d| > c, where c is as in [S], then we get an immediate contradiction to [S]. Therefore,
|d| £ c and L cannot be the exception field. This completes the proof of Theorem 1.

3. Preliminaries to the Proof of Theorem 2.

LeMMA 3-1. If L has class number 1, then K has class number 1. If L has class
number 2, then K has class number 1 or 2.

Proof. Let K* (resp. L*) denote the Hilbert class field of K (resp. L). Then
K*L is an unramified, abelian extension of L, so that K*L< L*. But since K*/K
is unramified, K* is totally real and thus K* is linearly disjoint from L over K.
Therefore, deg (K*L/L)=deg (K*/K)=hg. But if L has class number 1, L*=L,
so that deg (K*L/L)=1 = hx=1. On the other hand, if L has class number 2, then
deg (L*/L)=2 and therefore hy=1 or 2.

For the sake of simplicity, let us assume throughout the remainder of this paper
that if L has class number 2, then K has class number 1.

By Lemma 3-1 and the assumption, the ring of integers O, of K is a unique
factorization domain and therefore we may write L= K(u'/2) where p is a square-
free integer of K. Let

2DK = pit...pkt
where p; is a K-prime. Suppose that
pfulr (12i <), wluyx (+1=2is0).

Let r, (1 £i<s) denote the largest nonnegative integer <, such that there exists
u; € K such that p=u? (mod p#"). Then, by a classical result of Kummer theory,

s ¢
@ dyx = Hp‘z(n,-r‘) . H pE*i- uxg,

1=s+1

where dyx denotes the relative discriminant of the extension L/K. Since the p,
are principal, we can choose an integer 8 € K such that

(2) L= K(31/2)’ dLIK = SDK-

Note that 8 is determined up to multiplication by the square of a unit of K.
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Choose b € O so that
b=u (modyy) (1<iss),

let p; =m0 (15i<1), and let A=]T]{_, #i. Then 1, (b—pu*'?)/A is an integral basis
of L. In particular, every integer of L can be written in the form

3 x+ypt)A - (x,y € Dp).

LEMMA 3-2. Let Uy (resp. U,) denote the group of units of Ok (resp. Op). If
lN([L)I >4", then UK= UL.

Proof. Let u=(x+y(r''?)/A € U,. Then | Ny o(u)| =1, so that
*) ING2=pwy?)| = [Nyo(W)] = [N(Y)|* < 4.
However, if y#0,

ING2-w?)| 2 [N > #ING) 2 47,

which is a contradiction to (4). Therefore, y=0 and u € Ug. Thus, U,< Ug. The
converse inclusion is obvious.

LEMMA 3-3. Let L*=the Hilbert class field of L and assume that h,=2. Then
there exists an integer « € K such that

(l) L*=K(a1/2, 81/2)’

(i) dxai2yx=aDg.

Proof. Since deg (L*/L)=2, there exist «, 8 € K such that
L* = L((«+p8'2)1/2),

If B#0, then L**=L((«+B8%)!2, («—B8%)?/2) is an unramified extension of L
of degree 4 (since L((c+B8Y2)12)=L((«—B8Y2)1/2) implies that («+B51/%)!/2
=a(e—B82)Y2+b (a, be L)) which is impossible since L has class number 2.
Therefore, 8=0. Using the same reasoning as led to (1), we may choose « to be an
integer in K and alter it by the square of K to ensure that (ii) holds.

The next result requires Furuta’s formula [2] for the genus number of an abelian
extension; so let us briefly review Furuta’s theory. Let M and N be number fields,
M|N abelian. Let M* =the maximal unramified extension of M which is normal
over N. Then M* is called the genus field of the extension M /N, and the degree of
M* over M is called the genus number of the extension M /N. Furuta has found the
following beautiful formula for the genus number:

. _ hy Ty e
- deg (M*|M) = gt i e

where
hy=the class number of N,
p runs over all N-primes,
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M,=the maximum abelian extension of N contained in M,

e, =the ramification index of the maximum abelian extension of N, contained
in M, where p is any M-prime dividing p, and Ny and M, are the respective
completions of N and M at p and p,

Uy =the group of units of Oy,

U§ =the group of units of Oy which are locally everywhere norms of units in M.

PROPOSITION 3-4. Assume that |N(n)| > 4"
(@) If hy=1, then dy is divisible by exactly one prime.
(b) If hy=2, then dy,y is divisible by exactly two primes.

Proof. As above, let L* denote the Hilbert class field of L. In case (a), L*=L,
so that L* is abelian over K. In case (b), Lemma 3-3 asserts that L* is abelian over K.
In either case, the genus field of the extension L/K is L* and the genus number is
h;. Let us use (5) to compute the genus number in a different way. We set M=L,
N=K, M,=L. Suppose that d, is divisible by r distinct finite K-primes. Since K
is totally real and L is totally imaginary, every infinite K-prime ramifies in L.
Therefore,

ey = 2"*",
[Te

Moreover, by Lemma 3-1, and our restrictive assumption in case 4,=2, we have
hy=1. Further, by Hasse’s theorem, an element of K> which is everywhere a local
norm from L is a global norm from L. Therefore, by Lemma 3-2,

Ug = NL/KUK =2 U]%.

But by Dirichlet’s theorem, Uy~{+1}x Z "1, so that [Ug: U?]=2" Assembling
all the data into Furuta’s formula, we get 4, =271, from which (a) and (b) follow
immediately, since 4, =2 implies that K is a real quadratic field with fundamental
unit of norm —1.

In the remainder of this section, we will study the case h,=2 more thoroughly.
We found that in this case L*=L(«'2, §!/2). Let K'=K(«'/?). Then by the tran-
sitivity formula for the discriminant, we see that

dpx = dZgNygdie = 8Ok
since L*/L is unramified. On the other hand,
dix = dl%’lK'NK'IKdL‘IK' = azNK’IKdL‘/K“

Therefore, «|8. Let B=38/a. Then B € Ok and L*= K('/?, B*?), af=3, dy;x=8Dy.
Set L' = K(e'/?) and L"= K(B8*/2). We have already normalized « so that d;. x = aO.
We claim that « and B are each divisible by one prime. This will follow from

THEOREM 3-5. One of the fields L', L" is totally real and the other is totally
imaginary.



358 L. J. GOLDSTEIN [March

Proof. Let Ji denote the idele group of K. If F/K is an abelian extension, let
H(F) denote the admissible subgroup of J corresponding to F. Let p,.0, - - -5 Poo,r
denote the infinite primes of K, and let

8w, = (ap,) € Jx O=si=sr)
be the idele defined by

Qpg = 1 (p # pm,l)
= —1 (P = poo,i)'

Since L is a quadratic extension of K, [J,: H(L)]=2. Moreover, since K is totally
real and L is totally imaginary, 8, o ¢ H(L). Therefore, we have the coset decom-
position
©6) Jx = H(L) V 6, ,0H(L).
Let S denote the set of all K-primes p such that fy(L/K) =1, fu(L*/K)=2, where f,
denotes the residue class degree. Since L* = K(«!/2, /%), L*/K is an abelian exten-
sion with the Klein 4-group as Galois group. Therefore, by Tchebotarev’s density
theorem, S has Dirichlet density 4 and, in particular, is infinite. Therefore, let us
choose p € S such that (i) p is finite and (ii) p does not ramify in L*. Let = be a local
uniformizing parameter at p. Then = is a local norm from Ly, but is not a local
norm from L¥. Therefore, the idele

b=(1,..,1,n1,...,D)eltg

T
P

is in H(L)—H(L*). However, by class field theory, H(L*)=H(L) and
[H(L): H(L*)]=2. Therefore,

H(L) = H(L*) U bH(L*).
Thus, by (6), we see that
@) Jx = H(L*) U bBH(L*) U 8, oH(L*) U 8, obH(L¥).

Furthermore, since L*/K is abelian and L* is the Hilbert class field of L, L* is the
maximal unramified extension of L which is abelian over K. Thus, L* is the genus
field of L over K. Therefore, by [2, Proposition 1], we know that

(8) H(L*) = K*NL/KUL,

where Ny x denote the idele norm from L to K and U is the group of unit ideles of
L. By class field theory, we have

&) H(L') = H(L*) Y 8,,0H(L*),
(10) H(L") = H(L*) U 8, obH(L*).
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Let us show that L’ is totally real and that L” is totally imaginary. It clearly suffices
to prove the former since of is totally negative. But

(11) L’ is totally real <> 8, ;€ H(L") a=si=sr).

Let us assume that L’ is not totally real. Then for some i (1<i<r), we have
80,0¢ H(L'). By (7) and (9), we must have either (a) 8, € bH(L*) or (b) 8,
€ 8, ,0bH(L*). On account of (8), there exist k € K*, u e Ny xU,, such that either

(@) 8o, bu=k or

(b) 84,18 ,0bu=k.
Since L*/L is unramified, Ny xU,=Np.xU..S Ny xU,. Therefore, ue N xU,.
Let [ ,L'/K]: Jx — {+ 1} denote the global norm residue symbol for L'/K. Since
H(L’) is the kernel of [ , L'/K] and since 8, o€ H(L'), ue H(L"), k€ H(L"), we
see that [b, L'/K]=—1 =y is inert in L'/K = p is decomposed in L"/K (since
So(LIK)=1, fo(L*/K)=2). Thus, with finitely many exceptions, every prime of S
is decomposed in L"/K. Therefore, with finitely many exceptions, every K-prime p
which decomposes in L decomposes in L'. Therefore, by Bauer’s theorem(?)
LcL” = L=L", which gives a contradiction, since then L” is totally imaginary
and L' is totally real.

Let us assume that o is totally positive and B is totally negative. Recall that we
normalized « so that d;.,;x =aOg. Claim that

(12) : dL"/K = BDK'
We have already shown that
(13) dL'L"/K = dL‘IK = 8%0Dx.

But by Theorem 3-5, the fields L’ and L” are linearly disjoint over K. Therefore,
SQL'L"/K = C‘DL’IK'SDL"IK’

where D,y denotes the difference of the extension M/N. Thus, dy. .- x=dE - dZ.x,
and therefore dp~;x =Bx.

COROLLARY 3-6. Assume that h,=2 and |N(u)|>4" Then o and B are each
divisible by exactly one K-prime.

Proof. Since K has class number 1, « and B are both divisible by at least one
K-prime, since otherwise L’ or L” would be an unramified abelian extension of K.
However, «8=3 and, by Proposition 3-4(b), & is divisible by exactly 2 K-primes.
Therefore, it suffices to show that « and B cannot both be divisible by the same
K-prime p. But if p|a and p|B, then p is totally ramified in L'L” =L*. But since L*/L

(®) See M. Bauer, Zur Theorie der Algebraischen Zahlkorper, Math. Ann. 77 (1916), or
H. Hasse, Bericht iiber neuere Untersuchungen und Probleme aus der Theorie der algebraischen
Zahlkorper, 11, Jber. Deutsch. Math. Verein. 35 (1926), §25.
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is unramified, no K-prime can be totally ramified in L*. Thus, a contradiction is
reached and the corollary is established.

4. Proof of Theorem 2 in Case h,=1. We assume throughout this section that
L=K(8?) is of class number 1 and normal over Q. If x € K*, we will denote by
(x) the principal K-ideal generated by x. Let ¢y, .. ., & (r=n—1) be a basis for the
free part of the group of K-units.

Reduction 1. We may assume that [(N(u)| > 4"

For there are only finitely many integral K-ideals % such that NA 4" Since K
has class number 1, every such ideal is principal. Let n run through some fixed set
of generators for these ideals. Then, if |N(8)| £4", L is one of the finite collection
of fields K((en)'/?), where

t
(14) e=]‘_‘:ILEil (1§l‘1<i5<"‘<itér).
i=

These fields may be individually tested to determine which has class number 1
(using the Minkowski bound, say). Thus, we may restrict ourselves to L such that
|N(8)| >4n.

By Proposition 3-4(a) and Reduction 1, we know that 8 is divisible by exactly
one K-prime p.

Reduction 2. We may assume that p is not a divisor of 2.

For if v,, ..., p, are the K-primes dividing 2 and if =, is a generator of p;, then
the fields L for which 8 is divisible by some p; are of the form K((em)'/2) or K(¢'/2),
where ¢ is given by (14). Once again these fields may be individually studied.

Reduction 3. We may assume that ptdx.

For if p|dy and if the primes dividing dy are q;, ..., q,, then L is of the form
K((eA)''?), where X, is a generator of g, and ¢ is of the form (14).

Henceforth, we will assume that Reductions 1-3 have been carried out. By
Reduction 2 and equation (1), 8=y is irreducible. Let p be the rational prime which
p divides. Let us renumber the conjugates 8 so that the distinct K-primes dividing
pare (8Y), ..., (87). Then, by Reduction 3, (p)=(8%)- - -(8"). Thus, 8. . - 8" ={p
for some K-unit ¢. If r is even, then since § is totally negative, we have {p is totally
positive. Since L is normal over @, (3®)Y2e L(15isr) = ({p)'?eL = ({p)'? e K
since {p is totally positive. But then, p ramifies in K, which contradicts Reduction 3.
Thus r is odd and { is totally negative. Assume that {# — x? for some x € K. Then,
if p=1 (mod 4), L=K(({p)*'?) and L(p'/2)= K({*'?, p*'?) is an unramified extension
of L of degree 2. But this contradicts the fact that L has class number 1. On the
other hand, if p=3 (mod 4), then L= K(({p)*'?) and L((—p)*'?) = K((— {)''3, (—p)*'?)
is an unramified quadratic extension of L, which is again a contradiction to the fact
that L has class number 1. Thus, {= —x? for some x€ K and (—p)2€eL = L
—K(=p)".

Claim. Q((—p)''?) has class number 1.
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Let H* denote the Hilbert class field of Q((—p)'/?). Then K- H* is an unramified,
abelian extension of K((—p)'/?). However, since K((—p)'/?)=L has class number 1,
we see that

(15) K-H* = K((—p)*'®) = H* = K((—p)'"?).
Moreover, it is clear that
(16) (—p)'2 e H*,

Let H denote the maximal real subfield of H*. Then H*=HFQ(—p)'?),
H¥< K, by (15) and (16). Assume that deg (H§/Q) > 1. Then there exists a @-prime
g#p such that g ramifies in Hy. For by Minkowski’s theorem, there exists a
Q-prime g which ramifies in Hy and g+ p by Reduction 3. Moreover, if 2 does not
ramify in Q((—p)'?)/Q, we see that ¢ ramifies in Hg, but does not ramify in
Q((—p)*'?)/Q. But this is a contradiction to the fact that H*/Q((—p)*'?) is un-
ramified. Thus, deg (HF/Q)=1 = Hf=Q = H*=Q((—p)''? = Q((—p)*'®) has
class number 1. If 2 ramifies in @Q((—p)''?)/Q, then p=1 (mod 4) and p*’? € Hf.
Thus p ramifies in K, contrary to Reduction 3.

From the claim and Stark’s theorem, we know that the only possibilities for p
are p=3, 7, 11, 19, 43, 67, 163. Thus, except for the fields set aside in making
Reductions 1-3, the only possibilities for L are

L = K(=3"3), K(=T/"), K(=11)"), K(= 19", K(=43)"?),
K(=67)2), K(~163)").

This completes the proof of Theorem 2 in case h,=1.

5. Proof of Theorem 2 in Case 4,=2. Throughout this section, we will assume
that K is a real quadratic field of discriminant d, whose fundamental unit ¢ has
norm — 1. Further, we will assume that L is a totally imaginary quadratic extension
of K of class number 2 such that L/Q is normal.

From the results of §3, we know that L* = K((«/2, 8%/2), where «, B € K, and «
is totally negative and B totally positive. Moreover, since L/Q is normal and L has
class number 2, L* is normal over Q. As in §4, it suffices to consider the case where
|N(8)| >4 We will assume throughout that we are in this case. Then, from the
results of §3, we know that « and B are both divisible by exactly one K-prime.
Suppose that « is divisible by p and B by q. Let p and g be, respectively, the Q-
primes dividing p and q. Also note that, since K has class number 1, d=8 or d is an
odd prime discriminant (that is, =8 or d is a prime and d=1 (mod 4)). Note that
the situation we are considering actually occurs. In fact, there are 11 values of d
less than 100 for which our assumptions are satisfied :

d=15,8,13,17,29, 317, 41, 53, 61, 73, 89, 97.

Let us consider four separate cases corresponding to p and ¢ both odd; p=2
and q odd; p odd and ¢=2; p=q=2. First, however, let us collect some observa-
tions which are common to the four cases.
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Let L = Q(d*'?, B*'2) denote the maximal real subfield of L*.

A. There exist no fields L for which p =the unique prime dividing d.

For suppose that p=the unique prime dividing d. If d is odd, then p is odd and
« is an irreducible element of . Therefore, = —&*d*'? for some a € Z. But since
o is totally negative, and N(¢)= —1, we see that a is even and, without loss of
generality, we may assume that a=(—+/d)*/2. Since L*/Q is normal, d*/¢, (—1)/2
e L* = L*=Q(d*, (—1)*/?) since deg (L*/Q)=38. Therefore,

L = K((—4+/d)'?).

But for this field, p=2. Thus, we contradict the fact that p is odd. If d=8, then
p=2 and o=+ %22 (a, b € Z). Since « is totally negative and N(e)=—1, we
may assume that a= —(2'/2)’. Since L*/Q is normal, ((4/2)*)!2e€ L* and thus
L*=QQ2, (—1)'2, ((4/2)®)*/2, B12). If b is odd, then

L* = Q2! (—=1)¥2, B12) = Q(2!4, (- 1)V?)

since deg (L*, Q)=8. However, only one K-prime then ramifies in L*, which contra-
dicts Proposition 3-4(b). Thus b is even and L*= Q(2'/, (—1)''2, B/2). However,
since deg (L*/Q)=38, B € Q and thus since B is totally positive,

L* = Q(2Y2, (—1)1'2, q¥12),

Therefore, L= K((—q)*'?)=K((—8¢)'"?).

B. p=q=2 occurs for only a finite number of fields and these can be effectively
determined.

This is clear.

C. There are no fields L for which p=gq and both are odd.

For if p=g, then either B= — % or = —e%’, where «’ denotes the conjugate of
o over K. Since 8 is totally positive, and N(¢)= — 1, we see that a is even. And since
L*/|Q is normal, (+)'?, (+a')¥2€L* = (—1)Y2e L* = 2 ramifies in L*. This
contradicts the fact that d, p, g are all odd.

D. There exists at most one field L for which q=d, namely

L* = Q@ (—1"), L= K(—4vd)"™).

This follows from the proof of A.

Case 1. p, q odd. In this case, both « and 8 are irreducible. Upon examining the
factorization of p in K, we see that (p)=(«)%1(’)?2, for some integers ¢;=0, 1, 2,
where (x) denotes the K-ideal generated by x. Since L*/Q is normal, («')/? € L*
=-there exists a K-unit { of constant signature such that ({p)*/? € L*. If { is totally
positive, p ramifies in L§, so that p=d or p=gq. This is a contradiction by A and C.
Thus { is totally negative and of the form — &2, a even. Thus, (—p)*/2 € L*. Applying
to q the same reasoning as we applied to p, we see that (1g)*'2 € L* for some K-unit
7y of constant signature. If 7 is totally negative, then

(—npq)*'? € L* = p ramifies in L§ (since —npyq is totally positive)
=>p=d or p=gq,
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which is a contradiction by A and C. Thus, 7 is totally positive. But then since
N(e)= —1, we have n=¢" for a even which implies ¢*'2 € L*. Thus, we have shown
that

QW@ (—pP", g S LY, QU (—p)%, g™ = L*,

since deg(L*/Q)=8 and d,p,q are distinct by A-D. Finally, we have
L=K((—pq)''®. Moreover, since p and q are the only K-primes which ramify in
L, we see that p and q are inert in Q(d*/%) and —p and q are prime discriminants.

Case 11. p odd, q=2. As in Case I, we can prove that (—p)'/2 € L*. The difficulty
in this case is that 8 may no longer be irreducible. Let = be a K-integer such that
q=(m). Then B=¢%=" for some a, b € Z. If b is even, then a is even since B is totally
positive and N(¢)= — 1. But then B2 € K, which is a contradiction to the fact that
deg (L*/K)=4, L*=K (a2, B*/2). Thus, b is odd and (e?7)!/2 € L*. If 2 is inert in
K, we may choose ==2. Then, since N(¢)= —1 and ¢*x is totally positive, we see
that a is even and 2Y2 € L*. If 2 decomposes in K, (¢°7)-(e*r)’ =2, and thus since
L*|Q is normal, 212 € L*. Finally, reasoning as in Case I, we see that

L* = Q@' (—p)"%, 8'7), L = K(=8)"),

where —p is an odd prime discriminant.

Case 1I1. p=2, q odd. As in Case I, q'2e L*. Let (z)=p, a=—c" where
a,be Z If b is even, then a is even since N(¢)=—1 and (—1)2e L*. On the
other hand, if b is odd, then by reasoning as in Case II, we see that (—2)!/2 € L*.
Thus, by reasoning as in Case I, we get

L* = Qd'?, (—4)"%,q"%) or L* = Q(d'?, (—8)'2 ¢q'/?)
and
L = K((—49)'®) or L = K((—8¢)"?),

where ¢ is an odd prime discriminant.
Case 1V. p=g=2. By B, we may neglect this case from consideration.
We will now prove

THEOREM 5-1. Let d, and d, be distinct prime discriminants, neither equal to d,
such that d,d, <0 and K((d,d;)''®) has class number 2. Then Q((ddy)*'?) has class
number 2.

Proof. Let H=the Hilbert class field of Q((d,d,)*'?), H,=the maximal real sub-
field of H. The only primes which can ramify in H, are the primes dividing d, and
d,. Since K((d1d2)""?) has class number 2, its Hilbert class field is K((d,)'2, (d;)'?).
Since H-K is an unramified abelian extension of K((d,d;)!/?), we see that H-K
S K((d1)''?, (d;)"'?). Let d; <0, d;>0. Then (dy)"2€ H and H=H, - Q((d,)"?),
H,= K((d2)!"?). Moreover, d ramifies in K, but since d#d; (i=1, 2), d does not
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ramify in H,. Therefore, H,# K((d;)!'?), so that

Hy = 0((d2)'?) = H = Q((d)''?, (d2)''®)
= deg (H/Q((d:d)'"?) = 2
= Q((d,d;)*'?) has class number 2.

By Cases I-1V and Theorem 5-1, it suffices to effectively determine all imaginary
quadratic fields of class number 2. But this is possible by the theorem of Baker and
Stark. This completes the proof of Theorem 2 in case h,=2.
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